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Two-dimensional quantum systems with competing orders can feature a deconfined quantum
critical point, yielding a continuous phase transition that is incompatible with the Landau-Ginzburg-
Wilson (LGW) scenario, which instead predicts a first-order phase transition. This occurs within a
CP1 description of an antiferromagnetic to a valence bond solid phase transition, when a Maxwell
term suppresses monopole instantons. This liberates spinons at the critical point, thus generating the
second-order phase transition. Nevertheless, the example of the well-studied easy-plane CP1 model
shows that this is not always the case, with numerical studies pointing towards a first-order phase
transition consistent with the LGW paradigm. Here we show that an additional topological Chern-
Simons term in the action changes this picture completely in several ways. First of all, the topological
easy-plane CP1 model undergoes a continuous transition. Further, for a value of the Chern-Simons
coupling associated with invariance under topologically nontrivial gauge transformations, particle-
vortex duality naturally maps to the partition function of massless Dirac fermions. As a bonus,
an analysis of the critical dual theory allows us to obtain a consistent definition of the Abelian
Chern-Simons action on a lattice.
It is well known that some quantum critical systems
exhibit a phase structure evading the traditional Landau-
Ginzburg-Wilson (LGW) theory of phase transitions [1–
3]. Typical examples are two-dimensional quantum sys-
tems with competing orders, like for instance antiferro-
magnetic (AF) and valence-bond solid (VBS) orders orig-
inating from general quantum spin models with SU(2)
symmetry [3, 4]. The LGW scenario predicts a first-order
phase transition for such a system. However, the inter-
play between emergent instanton excitations (i.e., space-
time magnetic monopoles) and staggered Berry phases [4]
causes the actual phase transition to become a second-
order one, leading in this way to a quantum critical point
separating the AF and VBS phases. For similar reasons
discussed in studies of the deconfinement transition in
high-energy physics, this type of critical point has been
dubbed a deconfined quantum critical point [1]. At such a
critical point, order parameters on both sides of the tran-
sition fall apart into elementary particles called spinons
and we speak of spinon deconfinement.
One well studied field theory in this context is the
quantum O(3) nonlinear sigma model (NLσM),
LNLσM =
1
2g
(∂µn)
2 + . . . , (1)
where n2 = 1, supplemented by instanton-suppressing
terms, here symbolically represented by ellipses [1, 2, 5–
8]. When tuning the coupling constant g, the system un-
dergoes a quantum phase transition from an AF ordered
phase to a paramagnetic phase separated by a critical
coupling gc. By means of the Hopf map, n = z
∗
aσabzb,
where σ = (σx, σy , σz) is a Pauli matrix vector, the O(3)
NLσM is shown to be equivalent to the CP1 model,
LCP1 =
1
g
∑
a=1,2
|(∂µ − iaµ)za|2 + . . . , (2)
where the constraint |z1|2+ |z2|2 = 1 holds and the gauge
field is an auxiliary field given by aµ = (i/2)
∑
a(z
∗
a∂µza−
za∂µz
∗
a).
Although the gauge field aµ is an auxiliary field at the
level of field equations, it becomes dynamical when quan-
tum fluctuations of the spinon fields za are accounted
for, causing a Maxwell term to be generated in the low-
energy regime [9]. In this context it is also interesting
to consider generalizations with N complex fields, yield-
ing an O(2N) symmetric version, the CPN−1 model. It
has been recently demonstrated [10] that the large N
limit in a monopole-suppressed CPN−1 model implies a
second-order phase transition. The result agrees with the
standard field theory analysis of the large N limit [9, 11].
Nevertheless, lower values of N were shown numerically
to exhibit a first-order phase transition, specifically for
N = 4, 10, 15; though the N = 2 case remained incon-
clusive [10]. This result contrasts with the large N limit
without monopole suppression, where a first-order phase
transition occurs [12, 13]. In the case of deconfined criti-
cality (DC) monopole suppression is achieved by includ-
ing a bare Maxwell term LM = (ǫµνλ∂νaλ)
2/(2e2) [2, 5].
A well-studied model since the early days of DC [1, 2,
6, 7] is the easy-plane CP1 model with Lagrangian,
Lep = LCP1 +
K
2g
(|z1|2 − |z2|2)2, (3)
which follows directly from the NLσM by adding the
easy-plane anisotropy term, Lanis = Kn
2
z/2, where K
2is an anisotropy coupling constant. An exact particle-
vortex duality transformation of the lattice Villain model
for L = LM + Lep shows that the model is self-dual
[1, 2, 5, 14]. Partly on the basis of this self-duality, it was
originally argued [1, 2] that the easy-plane CP1 model un-
dergoes a second-order phase transition, featuring there-
fore a deconfined quantum critical point. However, it was
later demonstrated numerically that the phase transition
is actually a first-order one [6, 7], a result that is also
corroborated by renormalization group (RG) results [8].
On the other hand, the easy-plane CP1 model may un-
dergo a second-order phase transition when defined in a
somewhat different way.
Here we consider the topological easy-plane CP1 la-
grangian including a Chern-Simons (CS) term, i.e., L =
Lep + LCS, where,
LCS = i
κ
2
ǫµνλaµ∂νaλ, (4)
describes a CS Lagrangian in Euclidean spacetime with
a coupling constant κ. We will establish by means of a
duality analysis that the topologically nontrivial gauge
invariant theory, corresponding to κ = 1/(2π), is critical.
The dual model will feature a CS term of the form,
L˜CS = − i
2κ
ǫµνλ(b1µ + b2µ)∂ν(b1λ + b2λ), (5)
featuring two gauge fields b1µ and b2µ. The correspond-
ing dual partition function at criticality will be shown
to imply a bosonization duality [15, 16] involving mass-
less Dirac fermions [17]. This is important, since the
bosonization duality for massless fermions has remained
a conjecture so far, unlike the massive case where an ex-
act construction in the ultraviolet was provided recently
using lattice gauge theory methods [18]. Furthermore,
the obtained dual critical theory in the continuum nat-
urally leads to a consistent formulation of the CS action
on the lattice.
We start our discussion by considering the change to
polar coordinates za = ρae
iθa in the partition function of
the easy-plane CS CP1 model. After integrating ρ2 out
and assuming a strong anisotropy (K ≫ g), we obtain
ρ21 ≈ ρ22 ≈ 1/2, leading to an effective action depending
only on the phase fields coupled to the gauge field,
Seff = SCS +
1
2g
∑
a=1,2
∫
d3x(∂µθa − aµ)2, (6)
where SCS is the CS action from the Lagrangian (4). The
above effective action is equivalent to a two-component
CS superconductor in the London limit where the ampli-
tudes of the order parameter are constrained to be equal.
The conserved current jµ = g−1
∑
a=1,2(∂µθa − aµ) is
topological, since the field equation for aµ implies in real
time κǫµνλ∂
νaλ = jµ.
When κ = 0 the phase structure of (6) simplifies con-
siderably. For the sake of clarity in the subsequent anal-
ysis with κ 6= 0, it is useful to first study the κ = 0 case
using a duality transformation that employs a lattice Vil-
lain model. For generality we assume that the amplitudes
of za are frozen, but not necessarily equal, i.e., ρ1 6= ρ2.
Concretely, we start with the following partition function
defined on the lattice,
Z =
∑
{n1i,n2j}
(∏
i
∫ 2pi
0
dθ1i
2π
∫ 2pi
0
dθ2i
2π
∫ ∞
−∞
daiµ
)
e−S ,
S =
∑
j
1
g
[
ρ21(∆µθ1j − 2πn1jµ − ajµ)2
+ρ22(∆µθ2j − 2πn2jµ − ajµ)2
]
, (7)
where ∆µ denotes a lattice derivative, ∆µfj = fj+µˆ− fj,
with unit displacement vectors µˆ along the µ-direction,
and naj ∈ Z, a = 1, 2. The Villain action in Eq. (7) has a
local integer-valued gauge invariance, θaj → θaj+2πNaj,
najµ → najµ+∆µNaj in addition to the usual local gauge
invariance, θaj → θaj + χj , ajµ → ajµ +∆µχj . By using
a quadratic completion in the action, the two auxiliary
fields h1jµ and h2jµ are introduced such that,
S′ =
∑
j
[
g
4
(
h21jµ
ρ21
+
h22jµ
ρ22
)
− ih1jµ(∆µθ1j − 2πn1jµ − ajµ)
− ih2jµ(∆µθ2j − 2πn2jµ − ajµ)] . (8)
Performing the Gaussian integration over ajµ and apply-
ing the Poisson summation formula [19] over the integer-
valued fields leads to a replacement of the real-valued
auxiliary fields hIjµ by another set of integer-valued fields
MIjµ. Subsequent integration of the phase variables pro-
duces then two Kronecker deltas enforcing the constraints
∆µMIjµ = 0, I = 1, 2, which can be solved in terms of
new integer fields NIjµ by MIjµ = ǫµνλ∆νNIjλ. Finally,
integrating out ajµ, we see that N1jλ = N2jλ = Njλ and
the action becomes simply,
S′′ =
∑
j
g
4
ρ21 + ρ
2
2
ρ21ρ
2
2
(ǫµνλ∆νNjλ)
2. (9)
Using the Poisson formula once more promotes the inte-
ger fields NIjµ to real ones bIjµ and the following dual
action is obtained,
S˜ =
∑
j
[
g
4
ρ21 + ρ
2
2
ρ21ρ
2
2
(ǫµνλ∆νbjλ)
2 − 2πimjµbjµ
]
, (10)
with mjµ being integer vortex fields that satisfy the con-
straint ∆µmjµ = 0. The lattice action (10) is identi-
cal to the one of the so-called ”frozen” superconductor,
which is the exact dual of the lattice Villain action of
the XY model [20]. Therefore, we conclude that the
CP1 model with easy-plane anisotropy features a criti-
cal point belonging to the same universality class as the
three-dimensional classical XY model, which is more of-
ten called an inverted XY universality class in this con-
text, following the work of Dasgupta and Halperin [21].
3Given the above result, the following remarks are in
order. An added bare Maxwell term is known to yield
a first order phase transition when ρ1 = ρ2 [6, 7] and a
continuous transition when ρ1 6= ρ2 [14]. The second-
order transition obtained above in the absence of a bare
Maxwell term occurs for arbitrary ρ1 and ρ2. A CS term
instead of a Maxwell one is not expected to change this
picture for the following reasons. The topological char-
acter of the CS term implies that it does not affect scale
invariance, a result following from the fact that the CS
Lagrangian has a vanishing energy stress tensor. This is
also consistent with the vanishing of the RG flow of the
CS coupling, a result in agreement with the Coleman-Hill
theorem [22].
Next, we proceed with the analysis of the κ 6= 0 case.
Before starting, let us remark that while it is a straight-
forward task to define a Maxwell term on the lattice [20],
there are fundamental difficulties related to the proper
definition of the CS term on the lattice. It is known to
be problematic to maintain the properties of the contin-
uum field theory, namely, gauge invariance and a nonzero
commutator between the spatial components of the gauge
field [23–26]. Despite these complications, we can still de-
fine a duality transformation by choosing a proper defi-
nition of the CS lattice kernel Kµν . The one that better
suits our needs has been discussed by Berruto et al. [25],
based on the work by Fro¨hlich and Marchetti [23]. Thus,
if we consider the model (7) with a CS term and perform
the same steps of the duality transformation as before,
we obtain the following result in terms of integer gauge
fields,
S˜ =
∑
j
∑
I=1,2
[
g
4ρ2I
(ǫµνλ∆νNIjλ)
2
]
− i
2κ
(N1jµ +N2jµ)Kµν (N1jν +N2jν)
}
, (11)
which upon application of the Poisson formula becomes,
S˜ =
∑
j
∑
I=1,2
[
g
4ρ2I
(ǫµνλ∆νbIjλ)
2 − 2πimIjµbIjµ
]
− i
2κ
(b1jµ + b2jµ)Kµν (b1jν + b2jν)
}
, (12)
where [23, 25] Kµν = S(µ)ǫµλν∆λ + ǫµλν∆ˆλSˆ(ν) (the
parentheses around µ and ν serve to emphasize they
are not being summed over, despite appearing repeated),
with S(µ) and Sˆ(µ) being lattice shift operators, S(µ)fj =
fj+µˆ and Sˆ(µ)fj = fj−µˆ, and ∆ˆµfj = fj − fj−µˆ.
A very important difference between Eqs. (9) and
(11) is that the latter contains also an integer-valued
quadratic form with an imaginary unit as a prefactor.
This fact naturally invites one to consider two special
values of κ, namely, κ = 1/(4π) and κ = 1/(2π). Plug-
ging the former into Eq. (11) has the effect of suppressing
the CS altogether. Hence, subsequent application of the
Poisson formula yields two copies of the theory dual to
the XY model (as follows from the case of κ = 0 (10)).
Note that with κ = 1/(4π) the original easy-plane CS
CP1 model features a level 1/2 CS term, which usually
arises as a consequence of the parity anomaly, being gen-
erated after integrating out a heavy Dirac fermion cou-
pled to a gauge field in 2+1 dimensions [27–29]. Thus,
for κ = 1/(4π) the parity symmetry is broken in the
original model, but restored in the dual model, with a
concomitant critical behavior governed by the inverted
XY universality class.
On the other hand, setting κ = 1/(2π), which cor-
responds to a level 1 CS theory [30, 31] in the origi-
nal model, we generate weight factors (−1)I in the dual
model (11). Here, I is an integer-valued helicity index
induced by the CS action. This result is reminiscent of
the lack of gauge invariance of the partition function un-
der topologically nontrivial gauge transformations in the
dual model [28, 29]. This result makes apparent that the
considered duality corresponds to a form of bosonization
akin to the one discussed by Polyakov for the CP1 model
with a CS term [32, 33].
In order to bolster the above results and to make sure
they are not artifacts of the way the lattice CS model
is defined, we perform the duality transformation of the
action (6) directly in the continuum, starting with intro-
duction of auxiliary fields hIµ, I = 1, 2, such that,
S′eff = SCS +
∑
I=1,2
∫
d3x
[g
2
h2Iµ − ihIµ(∂µθI − aµ)
]
,
(13)
and define vortex gauge fields vIµ [19] in a way that the
following decomposition holds, ∂µθI = ∂µϕI + 2πvIµ,
where ϕI ∈ R. Hence,
wIµ = ǫµνλ∂νvIλ(x) =
∑
c
nIc
∮
LIc
dy(c)µ δ
3(x− y(c)),
(14)
with quanta nIc ∈ Z associated to the vortex loops LIc.
Integrating out the scalar fields ϕI leads to the con-
straints ∂µhIµ = 0, which are immediately solved by
hIµ = ǫµνλ∂νbIλ. Integrating out aµ finally yields the
dual effective action,
S˜eff =
∫
d3x
∑
I=1,2
[g
2
(ǫµνλ∂νbIλ)
2 + i2πbIµwIµ
]
− i
2κ
ǫµνλ(b1µ + b2µ)∂ν(b1λ + b2λ)
}
, (15)
which precisely corresponds to the continuum version of
the lattice dual theory (12) for the case where ρ21 = ρ
2
2 =
1/2.
It is convenient to rewrite the action (15) in a diagonal
basis by defining new gauge fields b±µ = b1µ± b2µ, which
4are coupled to the vortex states w±µ = (w1µ ± w2µ)/2,
S˜eff =
∫
d3x
{∑
s=±
[g
2
(ǫµνλ∂νbsλ)
2 + i2πbsµwsµ
]
− i
2κ
ǫµνλb+µ∂νb+λ
}
. (16)
It is clear that the dual action (16) has gauge fields cou-
pled to an ensemble of vortex loops. These vortex loops
represent the worldlines of the particles of the original
model [20, 34]. Hence, Eq. (16) has the structure of a
field theory of charged particles where the charges are
given by e = 1/
√
g.
From a continuum field theory perspective, the fixed
point associated to criticality follows by letting g → 0.
To see this, we first note that g = gˆ/Λ, where gˆ is a
dimensionless coupling constant and Λ is the ultraviolet
cutoff. The RG fixed point gˆ∗ is reached as Λ → ∞,
so near gˆ∗ we must have g ≈ gˆ∗/Λ → 0 as Λ becomes
large. We have seen that for κ = 0 the phase structure
is governed by an inverted XY universality class, thus
implying that a stable RG fixed point for the field theory
(3) exists. From the scale invariance of the CS term,
a critical point should still exist when κ 6= 0. Thus,
letting g → 0 in Eq. (16) implies that w1µ = w2µ upon
integrating out b−µ. Setting θ = θ1 = θ2 and b+µ = bµ,
we obtain therefore the critical effective dual action,
S˜criteff = i
∫
d3xǫµνλ
(
∂µθ − 1
2κ
bµ
)
∂νbλ. (17)
Integrating bµ out yields up to an overall normalization
the partition function,
Z˜crit =
∑
loops
exp
iπκ
2
∑
a,b
nanb
×
∮
La
dx(a)µ
∮
Lb
dx(b)µ ǫµνλ
(x(a) − x(b))λ
|x(a) − x(b)|3
]
, (18)
where we sum over all loops La and Lb, not excluding
a = b contributions, which will turn out to be a cru-
cial point [32, 35]. For a 6= b the double integral above
yields a contribution ei2pi
2Nabκ, Nab ∈ Z, in virtue of the
Gauss linking number formula [36, 37]. Despite look-
ing at first sight singular, the a = b contributions are
actually finite and proportional to the so called writhe
of the (vortex) loop [38–40]. The latter can be conve-
niently written in terms of a suitable parametrization,
xµ(s), s ∈ [0, 1], by defining the unit vector, uµ(s, s′) =
(xµ(s) − xµ(s′))/|x(s) − x(s′)|, in which case the writhe
is recast as,
W =
1
4π
∫
La
ds
∫
La
ds′ǫµνλ
dxµ
ds
dxµ
ds′
(xλ(s)− xλ(s′))
|x(s)− x(s′)|3
=
1
4π
∫
La
ds
∫
La
ds′ǫµνλuµ∂suν∂s′uλ, (19)
so that the partition function (18) becomes for κ =
1/(2π),
Z˜crit =
∑
loops
(−1)Nabeipin2aW. (20)
The sign factor (−1)Nab can be readily associated to the
one we have obtained on the lattice, but the writhe did
not arise in the lattice formulation. In the literature
the writhe contribution is sometimes referred to as the
Polyakov spin factor [32, 35, 41–44]. Equation (20) re-
lates to the representation of the partition function of
a Dirac fermion in 2+1 Euclidean dimensions in terms
of loops [35, 42–44], with the difference that in our case
the parity anomaly factor implies that the fermions are
massless [30, 45–47].
In view of the fact that the writhe does not arise ex-
plicitly in our Villain duality transformation, we will now
suggest a proper lattice CS action that leads to Eq. (17)
in the continuum limit. This lattice CS action has the
form,
S˜latticeeff =
i
2
∑
j,µ
[
cos
(
∆µθj − 1
2κ
bjµ − ǫµνλ∆νbjλ
)
− cos
(
∆µθj − 1
2κ
bjµ + ǫµνλ∆νbjλ
)]
. (21)
The presence of ǫµνλ∆νbjλ inside the cosines above re-
quires bjµ to be compact, something that is not implied
by the original duality transformation of the Villain ac-
tion, but is required when one tries to formulate the crit-
ical continuum dual action (17) on the lattice in a more
precise way.
As far as the writhe is concerned, it is worth to recall
that it arises quite naturally in the partition function of
Wilson fermions on an euclidean cubic spacetime lattice
[35]. However, the analysis of Ref. [35] and previous ones
[18, 32, 41–44] requires massive fermions.
It is remarkable that even if the analysis above does
not explicitly employ fermions, still a result that can
only follow from massless fermions is obtained. To elab-
orate this point further we recall that a topologically
nontrivial gauge transformation g, aµ → agµ, in a con-
tinuous deformation of the gauge field, leads to the
subsequent transformation of the fermion determinant
det(/∂+ i/a)→ (−1)n det(/∂+ i/ag), with n being the wind-
ing number [29, 45–47]. Therefore, integrating over aµ
requires to account for redundant gauge configurations
and sum over all possible winding numbers correspond-
ing to different topological sectors in the partition func-
tion. Eventually, one obtains that the partition function
associated to massless fermions coupled to a gauge field
in 2+1 dimensions is in agreement with Eq. (20).
So we have, in conclusion, demonstrated through dual-
ity transformations on the lattice and in the continuum
that the topological easy-plane CP1 model undergoes a
second-order phase transition. For the value of a CS
coupling κ that provides gauge invariance in the origi-
nal model, we discovered a parity anomaly in the dual
5theory. We can relate that to massless Dirac fermions,
thereby establishing an explicit bosonization duality [15].
In view of the partition function obtained at criticality,
we arrive at a new definition of the lattice CS action.
Finally, it is interesting to consider these results within
an experimental context. The dual theory (15) with
κ = 1/(2π) and rescaled gauge fields bIµ → bIµ/(2π)
features a CS term as it occurs in the (1, 1, 1) quantum
Hall (QH) state associated to a bilayer QH system [48–
50]. As mentioned above, the initial model in the frozen
amplitude regime corresponds to a two-component CS
superconductor. Therefore, the duality picture discussed
here naturally connects the observed resonant tunneling
in bilayer QH ferromagnets [51] to a Josephson-like ef-
fect in a system that is not superconducting [52–54]. In
view of the connection to massless Dirac fermions estab-
lished in this letter, bilayer QH ferromagnets would in
principle offer a platform to experimentally explore the
bosonization duality in 2+1 dimensions and its concomi-
tant deconfined criticality.
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